Over-Sampling Codebook-Based Hybrid Minimum Sum-Mean-Square-Error
  Precoding for Millimeter-Wave 3D-MIMO by Mao, Jiening et al.
ar
X
iv
:1
80
5.
07
86
1v
1 
 [c
s.I
T]
  2
1 M
ay
 20
18
1
Over-Sampling Codebook-Based Hybrid Minimum
Sum-Mean-Square-Error Precoding for Millimeter-Wave 3D-MIMO
Jiening Mao, Zhen Gao, Yongpeng Wu, and Mohamed-Slim Alouini
Abstract—Hybrid precoding design is challenging for
millimeter-wave (mmWave) massive MIMO. Most prior hybrid
precoding schemes are designed to maximize the sum spectral ef-
ficiency (SSE), while seldom investigate the bit-error-rate (BER).
Therefore, this letter designs an over-sampling codebook (OSC)-
based hybrid minimum sum-mean-square-error (min-SMSE)
precoding to optimize the BER, where multi-user transmission
with multiple data streams for each user is considered. Specif-
ically, given the effective baseband channel consisting of the
real channel and analog precoding, we first design the digital
precoder/combiner based on min-SMSE criterion to optimize
the BER. To further reduce the SMSE between the transmit
and receive signals, we propose an OSC-based joint analog
precoder/combiner (JAPC) design. Simulation results show that
the proposed scheme can achieve the better performance than
its conventional counterparts.
Index Terms—Multi-user MIMO, mmWave, hybrid precoding,
3D-MIMO, over-sampling codebook (OSC), massive MIMO.
I. INTRODUCTION
Millimeter-wave (mmWave) massive MIMO with hybrid
precoding is a promising key technique for 5G [1], [2].
However, the hybrid precoding design can be challenging
due to the non-convex constraints introduced by the analog
precoding with modulus constraint [3].
Hybrid analog/digital precoding has been investigated in
[3]–[8]. Specifically, a compressive sensing based hybrid pre-
coding and an energy efficient hybrid precoding have been
proposed in [3] and [4], respectively, while they are limited
to single-user MIMO systems. A phased zero forcing hybrid
precoding has been proposed for multi-user mmWave MIMO
[5], while only single-antenna user is considered. Moreover, to
support multi-user mmWave MIMO with each user equipped
with multiple antennas and single RF chain, a two-stage multi-
user hybrid precoding and a heuristic hybrid precoding have
been proposed in [6] and [7], respectively. However, how to
effectively support multi-user and multi-stream transmission
for each user is not well addressed. Recently, a hybrid block di-
agonalization (BD) precoding is developed from the traditional
BD precoding in [8], which can be used to support multi-
user massive MIMO with each user equipped with multiple
antennas and multiple RF chains. On the other hand, most prior
work [3]–[8] have designed the analog precoding to maximize
the sum spectral efficiency (SSE) other than to optimize the
bit-error-rate (BER) performance, and they usually consider
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the ideal uniform linear array (ULA) other than the practical
uniform planar array (UPA).
In this letter, we propose an over-sampling codebook
(OSC)-based hybrid minimum sum-mean-square-error (min-
SMSE) precoding scheme for mmWave multi-user three-
dimensional (3D)-MIMO systems to optimize the BER.
Specifically, given the effective baseband channel consisting
of the real channel and analog precoding, we first design
the digital precoder/combiner to minimize the SMSE between
the transmit symbols and receive symbols. Furthermore, we
propose an OSC-based joint analog precoder/combiner (JAPC)
design by further reducing the SMSE for improved BER.
Simulation results confirm that the proposed scheme has the
better performance than the conventional schemes. To the best
of our knowledge, this is the first work to jointly design digital
and analog precoder/combiner for mmWave massive multiuser
MIMO based on minimum SMSE criterion.
Notations: Lower-case and upper-case boldface letters de-
note vectors and matrices, respectively; (·)T , (·)H , and tr (·)
denote the transpose, conjugate transpose, and trace of a
matrix, respectively; (·)(i) and (·)i,j represent the i-th column
and i-th row and j-th column element of a matrix, respectively;
IN represents the N×N identity matrix; ‖·‖2, ‖·‖F, diag (·),
angle (·), and E [·] represent the ℓ2-nrom, Frobenius norm,
diagonalization, phase extraction, and expectation operators,
respectively.
II. SYSTEM MODEL
We consider the downlink mmWave multi-user 3D-MIMO
system with the hybrid precoding. Assume that the base station
(BS) employs Nt antennas but Mt ≪ Nt RF chains to
simultaneously serve K users, and each user employs Nr
antennas but Mr ≪ Nr RF chains to support Ns ≤ Mr
data streams. Therefore, the BS can simultaneously support
KNs ≤ Mt data streams. In the downlink transmission with
KMr = Mt, the received signal at the k-th user can is
yk = V
H
k M
H
k (γHkFWx+ nk) , (1)
where Vk ∈ CMr×Ns and Mk ∈ CNr×Mr represent the
digital combiner and analog combiner of the k-th user, respec-
tively, Hk ∈ CNr×Nt is the downlink channel associated with
the BS and the k-th user, F = [F1,F2, · · · ,FK ] ∈ CNt×Mt
and W = [W1,W2, · · · ,WK ] ∈ CMt×KNs represent the
analog precoder and digital precoder at the BS, respectively,
Fk ∈ CNt×Mr and Wk ∈ CMt×Ns (1 ≤ k ≤ K) repre-
sent the analog precoder and digital precoder for the k-
th user, respectively. γ is the normalization factor so that
γ2tr
(
FWWHFH
)
= Pt, and Pt is the transmit power.
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Fig. 1. The mmWave 3D-MIMO with hybrid precoding, where the BS can
support multiple users with multi-stream transmission for each user.
x =
[
x1
T ,x2
T , · · · ,xKT
]T ∈ CKNs×1 represents the trans-
mitted signal vector for K users. nk ∈ CNr×1 is the additive
white Gaussian noise (AWGN) vector at the k-th user.
The mmWave MIMO channel matrix H is assumed to be
a sum of the contributions of Nc scattering clusters, and each
cluster contains Np propagation paths [3], i.e.,
Hk =
√
NtNr
NcNp
Nc∑
i=1
Np∑
l=1
αkila
k
r
(
θrkil , φ
rk
il
)
akt
(
θtkil , φ
tk
il
)H
, (2)
where αkil is the complex gain of the i-th path in the l-th
cluster and αkil ∼ CN (0, 1). θrkil
(
φrkil
)
and θtkil
(
φtkil
)
are the
azimuth (elevation) angles of arrival (AoAs) and departure
(AoDs) of the i-th path in the l-th cluster, respectively. The
angles in each cluster follow the uniform distribution and have
the constant angle spreads (standard deviation), which can be
denoted by σtkφ , σ
tk
θ , σ
rk
φ , and σ
rk
θ , respectively. a
k
r
(
θrkil , φ
rk
il
)
and akt
(
θtkil , φ
tk
il
)
are the normalized receive and transmit array
response vectors at an azimuth (elevation) angle θrkil
(
φrkil
)
and θtkil
(
φtkil
)
, respectively. For UPA in the yz-plane with Ny
and Nz elements on the y and z axes, respectively, the array
response vector can be written as
aUPA(θ, φ)=
1√
NyNz
[
1, · · ·, ej 2piλ d(n sin(θ)cos(φ)+m sin(φ)),
· · · , ej 2piλ d((Ny−1) sin(θ) cos(φ)+(Nz−1) sin(φ))]T , (3)
where 1 ≤ n < Ny and 1 ≤ m < Nz are the y and z indices
of an antenna element, respectively. Finally, λ and d denote
the wavelength and adjacent antenna spacing, respectively.
III. OSC-BASED HYBRID MIN-SMSE PRECODING
In this section, we first propose a min-SMSE criterion
based digital precoding design. To further improve the BER
performance by reducing SMSE, we propose a JAPC design
based on our proposed OSC in the analog part.
A. Digital Precoding Design
Assume that the k-th user’s effective baseband channel
Hkeff = M
H
k HkF ∈ CMr×Mt (1 ≤ k ≤ K) is given, the
estimated signal at the k-th user can be rewritten as
xˆk = yk/γ = V
H
k H
k
effWx+V
H
k M
H
k nk/γ. (4)
Then the k-th user’s the mean square error (MSE) can be
expressed as ξk = E
[
‖xˆk − xk‖22
]
. Moreover, since xk and
nk are mutually independent, ξk can be further expressed as
ξk=tr
(
VHk H
k
effWW
H
(
Hkeff
)H
Vk
)
+
σ2
γ2
tr
(
VHk M
H
k MkVk
)
− tr (VHk HkeffWk)− tr(WHk (Hkeff)HVk)+Ns. (5)
In this way, the digital precoder/combiner design can be
formulated as the following optimization problem
min
W,VH
∑K
k=1
ξk
s.t. γ2tr
(
FWWHFH
)
= Pt, (6)
where V=diag (V1,V2,· · · ,VK) represents the digital com-
biner for K users. Moreover, since K users will estimate
their respective signals independently in the downlink, we
can design the digital combiner for each user separately.
Hence, the problem (6) can be decomposed as the subproblems
VHk = argmin
VH
k
ξk for k = 1, 2, · · · ,K . Consider the partial
derivative of VHk with respect to ξk and let it equal 0, we
arrive at
VHk =W
H
k
(
Hkeff
)H(
HkeffWW
H
(
Hkeff
)H
+
σ2
γ2
MHk Mk
)−1
. (7)
On the other hand, for the digital precoder W at the BS,
the SMSE of K users will be considered, i.e., ξ =
∑K
k=1 ξk =
E
[
‖xˆ− x‖22
]
. Similar to (5), ξ can be expressed as
ξ = tr
(
VHHeffWW
HHHeffV
)− tr (VHHeffW)
− tr (WHHHeffV)+ σ2γ2 tr
(
VHMHMV
)
+KNs. (8)
Consider the partial derivative ofW with respect to ξ and let
it equal 0, the optimal W can be
W =
(
HHeffVV
HHeff
)−1
HHeffV. (9)
From (7) and (9), we can observe that the solutions of Vk and
W depend on each other. To decouple these two solutions,
we first obtain an initial solution of V, denoted by Vini =
diag
(
V1ini,V
2
ini, · · · ,VKini
)
, where each Vkini ∈ CNs×Ns
(1 ≤ k ≤ K) can be an arbitrary unitary matrix. Moreover, we
can obtain W by substituting the initial combiner Vini into
(9), and then obtain Vk according to (7). Note that different
Vini’s can lead to different digital precoder/combiner solutions
{W,V}, but these different solutions {W,V} are equivalent.
Specifically, we first introduce the Lemma 1 as follows.
Lemma 1: Assume that the matrix A =
[
AT1 , · · · ,ATN
]T
is invertible. Then
Ai
(
AHA
)−1
AHj =δ (i−j) I, 1≤ i≤N, 1≤j≤N. (10)
Proof 1: Due to the invertibility of A, we can obtain
A
(
AHA
)−1
AH = AA−1
(
AH
)−1
AH = I. Meanwhile,
A
(
AHA
)−1
AH = diag
{
A1
(
AHA
)−1
AH1 ,
· · · ,AN
(
AHA
)−1
AHN
}
.
(11)
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Fig. 2. An example of the proposed OSC design, where a 4-element ULA with ρ = 2 and q = 1 bit is considered.
Hence, (10) is proven, where δ(i − j) = 1 only if j = i,
otherwise δ(i− j) = 0.
Given {Vkini}Kk=1 being arbitrary unitary matrices, W =(
HHeffHeff
)−1
HHeffVini and Wk=
(
HHeffHeff
)−1(
Hkeff
)H
Vkini
according to (9). Then we have WWH =
(
HHeffHeff
)−1
.
Consider the invertibility of matrix Heff and Lemma 1,
VHk
a≈WHk
(
Hkeff
)H(
HkeffWW
H
(
Hkeff
)H
+
σ2
γ2
I
)−1
=
γ2
γ2 + σ2
WHk
(
Hkeff
)H
=
γ2
γ2 + σ2
(
Vkini
)
H , (12)
where the approximation (a) is due to the asymptotic orthog-
onality MHk Mk ≈ I when Nr is large [3]. Given µ = γ
2
γ2+σ2
and ∀k,
VHk H
k
effWk ≈ µ
(
Vkini
)
HHkeff
(
HHeffHeff
)−1(
Hkeff
)H
Vkini
= µ
(
Vkini
)
HVkini=µINs . (13)
Similarly, given 1 ≤ m ≤ K, 1 ≤ k ≤ K, and m 6= k,
VHmH
m
effWk ≈ 0. Hence we can have VHHeffW≈ µIKNs ,
which does not depend on {Vkini}Kk=1 if {Vkini}Kk=1 are arbi-
trary unitary matrices.
B. Analog Precoding Design
By substituting VHHeffW≈µIKNs into (8), the SMSE ξ
can be further expressed as
ξ ≈ (µ2 − 2µ+ 1)KNs + σ2
γ2
tr
(
VHMHMV
)
b
=
(
µ2−2µ+1)KNs+ σ2
Pt
tr
(
FWWHFH
)
tr
(
VHMHMV
)
c≈(µ2−2µ+1)KNs+KNsµ2σ2
Pt
tr
((
HHeffHeff
)−1)
, (14)
where the equation (b) is due to the power constraint in (6) and
the approximation (c) is due to VkV
H
k ≈ µ2INs and VVH ≈
µ2IKNs based on (12). Note that F
HF ≈ I (MHM ≈ I)
when Nt (Nr) is large [3].
In (14), when signal-to-noise ratio (SNR) is high with σ2 →
0, we can obtain µ → 1 and ξ ≈ KNsσ2
Pt
tr
((
HHeffHeff
)−1)
.
Note that when SNR is low where the noise dominates the
performance, i.e., σ2 → ∞, and then we have µ → 0
and ξ ≈ KNS , which is a constant. Hence, we consider
the analog precoding design at high SNR. Moreover, we
consider the singular value decomposition (SVD) of Heff , i.e.,
Heff = UΣD
H , where Σ = diag {σ1, σ2, · · · , σKNs} with
the descent order, and then ξ can be rewritten as
ξ ≈ KNsσ
2
Pt
tr
(
Σ−2
)
=
KNsσ
2
Pt
∑KNs
i=1
σ−2i . (15)
To further optimize the SMSE, the analog precoding design
can be formulated as the following optimization problem
min
{Mk}
K
k=1
,F
∑KNs
i=1
σ−2i
s.t. angle
(
(Mk)i,j
)
∈ Qr, angle (Fi,j) ∈ Qt, ∀i, j, k, (16)
where Qr and Qt are the candidate sets of quantized phases
due to the finite resolution of the phase shifters. From (16),
we observe that given
∑KNs
i=1 σ
−2
i , Heff with equal singular
values will reach the minimization of (16). This enlightens
us to design the analog precoder/combiner with the condition
number cond (Heff) as small as possible, where cond (Heff) =
σ1/σKNs . On the other hand, given the equal singular values,
the minimization of (16) is equivalent to
max
{Mk}
K
k=1
,F
∑KNs
i=1
σ2i
s.t. angle
(
(Mk)i,j
)
∈ Qr, angle (Fi,j) ∈ Qt, ∀i, j, k. (17)
Moreover, even the optimization problem (17) can also be
challenging, which requires the prohibitively high complex-
ity with O (2KBrMrNrBtMtNt), where Br and Bt are the
quantization bits of phase shifters at the users and BS,
respectively. While if Heff is a diagonally-dominant ma-
trix, the optimization problem (17) can be approximated to
max
{Mk}Kk=1,F
∑KNs
i=1
∣∣∣(Heff)i,i∣∣∣2. Based on the analysis above, we
consider the following multi-object optimization problem
max
{Mk}
K
k=1,F
g
(
{Mk}Kk=1 ,F
)
=
[
KNs∑
i=1
∣∣∣(Heff)i,i∣∣∣2,−cond (Heff)
]T
s.t. M
(m)
k ∈ Dk,r,F(m) ∈ Dt, ∀m, k, (18)
where Dk,r and Dt are the predefined codebooks forMk and
4F, respectively. Thus, the computational complexity to acquire
the solution to (18) can be reduced to O (K|Dk,r |c|Dt|c), and|·|c denotes the cardinality of a set. To ensure Heff to be a
diagonally-dominant matrix, we propose that each candidate
from Dk,r and Dt has the form of UPA response vector as
shown in (3), i.e.,
a (wy, wz) =
1√
N
[
1, · · · , ej(nwy+mwz), · · · ,
ej((Ny−1)wy+(Nz−1)wz)
]T
, (19)
where NyNz = N , wy and wz denote the spatial frequencies
associated with the azimuth and elevation angles, respectively.
The conventional 2D-DFT codebook has the limited spatial
resolution. To further improve the spatial resolution, we design
an OSC as shown in Algorithm 1, where the set unique(D)
has the same candidates as the set D without repetitions.
Specifically, we first obtain an OSC D given the over-sampling
factor ρ (steps 1∼2). For each candidate in D, we quantize
the phases of all elements by considering the quantization bits
of phase shifters q (step 3), and finally make candidates in
D be unique (step 4). Conventional 2D-DFT codebook is a
special case of the proposed OSC for UPA when ρ = 1.
When ρ becomes large, the proposed codebook can achieve
the better spatial resolution as illustrated in Fig. 2. On the
other hand, the better spatial resolution indicates the stronger
correlation among candidates in D. This implies that directly
acquiring analog precoder/combinerMk and Fk to maximize∑KNs
i=1
∣∣∣(Heff)i,i∣∣∣2 will lead Hkeff to be ill-conditioned or even
rank-insufficient.
To solve the optimization problem (18), we further propose
a heuristic JAPC algorithm as shown in Algorithm 2, where
the set setdiff(A,B) has all candidates in A that are not in B.
Specifically, in each iteration, we first acquire the user index
k∗ and the associated {a∗r , a∗t } that maximize the diagonal
elements of effective channels (step 3) to be part of the analog
precoder/combiner matricesMk and Fk, respectively (step 4).
To prevent Heff to be ill-conditioned, the candidates in Dk,r
and Dt having strong correlation with the selected {a∗r , a∗t }
Algorithm 1 Proposed OSC Design
Input: Number of antennas N = NyNz , quantization bits of
phase shifters q, and the over-sampling factor ρ.
Output: Predefined codebook D.
1. Obtain the candidate set of practical quantized phases
Q =
{
0, 2pi2q , · · · , 2pi(2
q−1)
2q
}
and the sets of over-sampling
spatial radian-frequencies associated with the azimuth and
elevation angles Ry =
{
0, 2pi
ρNy
, · · · , 2pi(ρNy−1)
ρNy
}
, Rz ={
0, 2pi
ρNz
, · · · , 2pi(ρNz−1)
ρNz
}
.
2. Obtain the codebook D={a (wy, wz) |wy ∈ Ry, wz ∈ Rz}.
3. Quantize phases of all candidates in D as
angle(a(wy ,wz)i,j) = argmin
α∈Q
∥∥∥angle(a(wy,wz)i,j)−α∥∥∥2
2
,
where a (wy, wz) is one specific candidate in D, 1 ≤ i ≤ N ,
and j = 1.
4. D = unique(D) to make candidates in D be unique.
Fig. 3. SSE achieved by different schemes in a multi-user MIMO system,
where K = 8, Mt = 8, Mr = Ns = 1.
in step 3 are removed (steps 5∼6). Finally, if the k∗-th user’s
analog combiner matrix M∗k is completed, the index k
∗ is
removed from K (step 7).
IV. SIMULATION RESULTS
The simulation parameters are shown as follows: BS and
users are equipped with 8 × 8 and 4 × 4 UPAs, respectively,
Bt = 3 bits, Br = 2 bits, and we consider the 16-QAM mod-
ulation. For the mmWave channel model, we consider Nc = 8
and Np = 10, azimuth/elevation AoAs and AoDs follow the
uniform distribution U [−π/2, π/2], and all the angle spreads
are 7.5◦ [3], [8]. We will investigate the performance of the
proposed scheme by comparing it with the two-stage hybrid
precoding scheme [6], the hybrid BD scheme [8], the proposed
digital part using analog part in [8], and our proposed analog
part using digital part (i.e., BD precoding) in [8]. Besides, the
proposed scheme with Bt = Br =∞ (i.e., the step 3 and step
4 in Algorithm 1 are removed) are simulated to investigate the
performance gap compared to the optimal schemes.
Algorithm 2 Proposed JAPC Design
Input: Maximum correlation factor β, BS codebook Dt, user
codebook Dk,r, and channel Hk for 1 ≤ k ≤ K .
Output: Analog precoder F and analog combinerMk, ∀k.
1. Initialization: K = {1, 2, · · · ,K}, F = Mk = Φ, ∀k, and
Φ denotes empty matrix;
2. for iiter = 1 : KMr
3. {k∗, a∗r , a∗t } = arg max
k∈K,ar∈Dk,r,at∈Dt
∥∥aHr Hkat∥∥22;
4. Mk∗ = [Mk∗ |a∗r ], Fk∗ = [Fk∗ |a∗t ];
5. Dk∗,r=setdiff
(Dk∗,r,{ar|ar∈Dk∗,r, ∣∣(a∗r)Har∣∣≥β});
6. Dt=setdiff
(
Dt,
{
at|at ∈ Dt,
∣∣(a∗t )Hat∣∣≥β});
7. K = setdiff (K,{k∗}) when the number of columns of
Mk∗ equals Mr;
8. end for
9. F = [F1,F2, · · · ,FK ].
5Fig. 4. BER achieved by different schemes in a multi-user MIMO system,
where K = 2, Mt = 4, Mr = Ns = 2.
Fig. 3 and Fig. 4 investigate the SSE and BER performance,
respectively. In Fig. 3, the proposed scheme with ρ = 8 and
β = 0.15 has the better SSE than the two-stage scheme [6]
and the hybrid BD scheme [8]. Especially, the proposed OSC-
based JAPC design with the digital part in [8] outperforms
the hybrid BD scheme [8]. Besides, the SSE of the proposed
scheme with β = 1 becomes worse when ρ increases, since
directly using solution to (18) with OSC will lead large
cond (Heff). While the SSE of the proposed scheme with
β = 0.15 becomes better when ρ increases, since larger ρ
can achieve better spatial resolution and the proposed JAPC
design with a suitable β can guarantee small cond (Heff).
Note that when ρ = 1, the OSC is reduced to conventional
2D-DFT codebook, and the JAPC design with ρ = 1 for
0 < β ≤ 1 is equivalent since elements in 2D-DFT codebook
are orthogonal. In Fig. 4, we observe that when BER = 10−2
is considered, the proposed scheme (ρ = 8 and β = 0.15), the
proposed min-SMSE based digital part using analog part in
[8], and the proposed OSC-based JAPC design using analog
part in [8] have over 5.1 dB, 1 dB, and 5 dB SNR gains
than the hybrid BD scheme, respectively. Note that when
Bt = Br =∞, the proposed scheme with ρ = 8 and the
proposed scheme with ρ = 16 have very similar BER and
SSE performance, which indicates OSC with ρ = 8/16 can
have sufficiently large spatial resolution and these two curves
can be considered as the optimal performance with infinite
spatial resolution of codebook and infinite quantization of
phase shifters. The BER and SSE performance of the proposed
scheme with ρ = 8 and β = 0.15 still has a gap compared to
the optimal schemes due to the limited quantization of phase
shifters.
V. CONCLUSIONS
This letter has proposed an OSC-based hybrid min-SMSE
precoding scheme to support multi-user and multi-stream
transmission for each user in mmWave 3D-MIMO systems.
Specifically, we design the digital precoder/combiner to im-
prove the BER performance based on the min-SMSE criterion.
Moreover, in the analog part, we propose an OSC and the
associated JAPC design by further reducing the SMSE. Finally,
simulation results show the proposed scheme can achieve the
better performance than the conventional schemes.
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